Graph searching problems are described as games played on graphs, between a set of cops and a fugitive. Variants of the game restrict the abilities of the cops and the fugitive and the corresponding search numbers (the least number of cops that have a winning strategy) are related to several well-known parameters in graph theory. We study the case where the fugitive is visible (the cops' strategy can take into account his current position) and lazy (he moves only when the cops move to his position). Our results are stated and proven in a general setting where the fugitive's speed (i.e., the lengths of paths he can move along) can be unbounded or bounded by some constant. We give a min-max characterization of the corresponding parameters, which we show to be computable in polynomial time for fugitivess with unbounded speed and speed at most 3 and to be NP-complete for all other finite speeds. This is in contrast to the other standard versions of the game, where the parameters corresponding to fugitives with unbounded speed are NP-complete. Several consequences of our results are also discussed.
Introduction
Graph searching games are played between a group of cops and a fugitive, on the vertices and edges of a graph. The cops aim to capture the fugitive, while the fugitive tries to escape capture. The rules by which the players move lead to several variants of the game. While the definition and study of such games dates back to the late 1970s [18, 19] , they have recently been studied widely, mainly due to numerous applications in security problems in networks [1, 4, 10, 11] .
There are several basic variants of the game and we consider only those where the cops and the fugitive reside on the vertices of the graph. At any one time, the fugitive occupies some vertex of the graph but each cop, independently, may be either on a vertex of the graph or out of play. In node search games, the cops are moved either by placing them on or removing them from vertices; in the more general setting of mixed search, a cop may, in addition, slide along an edge from the endpoint he occupies to the other, vacant, endpoint. In both variants, the fugitive moves along cop-free paths in the graph. The fugitive is captured if a cop moves to the vertex he occupies and he has no path along which to escape. If the fugitive is captured, the cops win; if he remains on the run forever, he wins. (We do not consider edge search, where the fugitive resides on edges of the graph, as this can be reduced to mixed search by standard techniques.)
Further variants of the game come from altering the properties of the fugitive. He may be either visible to the cops, in which case the cops may use the fugitive's current position to choose their moves, or invisible, in which case the cops do not know where he is and their moves may be specified in advance. He may also be lazy, in which case he moves only when a cop moves to his vertex, or active, in which case he may move at every round of the game.
Each variant of the game generates a graph parameter that is the minimum number of cops that have a winning strategy in a given graph. In this paper, we concentrate mostly on node search. For the visible-active and invisible-lazy cases, the node search number is known to be one greater than the treewidth of the graph; for the invisible-active case, it is one greater than the graph's pathwidth. Similar parameters can be defined for mixed search [5, 20, 23, 24] . The decision problems associated with these graph parameters are known to be NP-complete.
In this paper, we study the remaining case, where the fugitive is visible and lazy, which does not seem to have been considered before. Generalizing, we parameterize the game by the speed s of the fugitive, i.e., the maximum length of paths along which he may move. We write, respectively, vlns s and vlms s for the node-and mixed-search numbers for a fugitive with speed s, with s = ∞ denoting a fugitive with unbounded speed. Our main result is a min-max theorem for the two parameters, for any speed s ∈ N ∪ {∞}. In particular, we give a characterization in terms of the existence of specific obstructing structures, which we call hide-outs, that guarantee an escape strategy for the fugitive.
We also introduce two hierarchies of graph parameters, defined in terms of layouts, which we write δ s and δ s m . These parameters are equivalent, respectively, to vlns s and vlms s . The min-max theorem implies that our search parameters, in the case of a fugitive with unbounded speed, can be computed in polynomial time, which is quite unexpected, since all other variants of the game discussed above lead to NP-complete parameters. The parameters can also be computed in polynomial time for fugitives with speed at most 3; for other finite speeds, they are NP-complete. The known results for fugitives of unbounded speed are summarized in Table 1 . δ s is a natural generalization of the classical graph parameter of degeneracy, defined as δ * (G) = max {δ(H) | H ⊆ G}, where δ(H) is the minimum degree of H's vertices. It is known from folklore that δ * (G) = δ 1 (G) [17, 6] and δ * (G) + 1 is also known as the graph's colouring number, since there is an easy greedy algorithm that colours a graph G with that many colours [9] .
